
—

1I

.

. . ..-

FORAERONAUTICS

TECHNICALNOTE2711

THEAERODYNAMICDESIGNOFHIGHMACHNUMBERNOZZLES

UTILIZINGAXISYMMETRICFLOWWITHAPPLICATION

TOA NOZZLEOFSQUARETESTSECTION

By IvanE. Beckwith,HerbertW, Ridyard,
andNancyCromer

LangleyAeronauticalLaboratory
LangleyField, Va.

Washington

June1952

H

t

h

i

.-e

— .. —- .- .-. . , — .. . ..- --- ------ ------ ..- ---- .- .+,.. . .. . . . .. .-. ..— .= ---- .-+. —-.



TECHUBW KAFB,NM

I

,>

I

I
,1

I

I

In!lllmlllllllllll
00L57L4

NATIONALADVISORYCOMMITTEEFORAERONAUTICS--

TECENICALNOTE~11 ~

THEAERODYNAMICDESIGNOF HIGHMACHNUMBERNOZZLJ?S

UTILIZING

TOA

By I*an

AXISYMMEWRICFLOWWITHAPPLICATION

NOZZLEOF SQUARETESTSECTION

E-.Beckwith,HerbertW. Ridyard,
andNancyCromer

SUMMARY

A method‘isgivenforthedesignofthree-dimensionalnozzlesuti-
lizingaxisymmetricflow. Thenozzlecanbe designedto produceUnifoti
flowina testchamberof arbitrarycrosssection.Themethod,isapplied
to obtainthefinalcoordinatesofa Machnumber10nozzleforwhicha
squaretestsectionisspecifiedto reducethepossibilityofaxisym-
metricimperfectionsatthewallandtoprovidefortheinstallationof
schlierenwindows.Radialflowisusedina pm?tionof theflawfield
toreducethecomputationtime. Theremainderoftheflowfieldis
computedbythemethodof characteristics,buta simplifiedmethodis
usedneartheaxis. Tableswhichfacilitatecomputationoftheradial
flowandtheflowneartheaxisareincluded.Transitionstreamlties
determinedfromtheanalyticexpressionsofKunoFoelscharecompred
withthestreamlinesobtainedfromthecharacteristicsnetoftheMach
number10nozzle.TheFoelschstreamlinesdeviatefromtheflow-net
streamlinesby asmuchas 12percent.Similaranalyticexpressionsare
derivedfromthegeometricproperties-oftheflow.Thesenewexpressions
resultintransitionstreamlineswitha maximumerrorofaboutk percent.

.

INTRODUCTION

Recentresearchhasindicatedthatthree-dimensionalsupersonic
nozzlesmaybecomemoredesirableforhighMachnumbertunnelsthan
conventionaltwo-dimensionalnozzles.Forexample,intwo+rnensional
nozzlesdesignedfortestMachnumbersmuchgreaterthan5, theflowiS
verysensitiveto my change oftheextremelysmll Umensimm at the
minimumsection.Thehightemperaturesrequiredtoavoidliquefaction
of theairatthe,sehighJkchnumbersmaketheproblemofobtaining
dimensionalstabilityof thesmallslit-like~fimu.mextremely ~fficult.
(Seereference1.) In addition,theexcessgrowthofboundarylayer

“ alongthecenterofthenozzlesideplatesmayalsointerferewiththe

I
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2 NACATN 2711

designflow.A two-stagenozzlediscussedinreference2 avoidsthe
firstdifficultybutfailsto operatesatisfactorilyprimarilybecause
of theexcesshoundsrylayer.Considerationofthree-dimensionalnozzles
thusbecomesimperativenotonlyfortestsof stationarymodelsatthe
higherMachnumbersbutalsoforballistictestswheretheprojectile
mustpassthroughtheminimumof a supersonicnozzle.

A methodforthedesignofthree-dimensionalnozzlesbasedon axi-
symmetricflowispresentedinthispaper.Althoughtheflowis axi-
symmetricthroughout,thefinalcross-sectionalshapeof thenozzlemay
be srbitrary.Thegeneralconceptforthedeterminationofthearbi-
trarycross-sectionalshapewasapplidto thedesignof anaxisymmetric
nozzleattheLangleyAeronauticalLaboratoryby Mr.Mm_tonCooperin
1947. Thedesignmethodpresentedinthispaperisgeneral;however,
as an illustrativeexamplethedesignof a Machnumber10nozzlewitha
squsretestsectionis included.Specificationof a squarecross-
sectionalshapeforthetestchamberprovidesfortheinstallationof
conventionalschlierenwindows.A furtheradvantageoftheresulting
noncirculsrwallsisthatthepossibilityof incurringsxisymmetric
imperfectionsatthenozzlewallisreduced.Disturbancesoriginating
fromaxisymmetricimperfectionsfocusalongthesxisofthenozzle.
Thisfocusingeffecthasbeenknownto causedisturbancesof considerable
magnitudeinthevicinityofthenozzleaxis.A theoreticalanalysisof
thethree-dimensionalfocusingeffectis givenin reference3, part 11.

LISTOF SYMBOIS

}

A,A’,B
C,D,E
P,K

c

M

v

r

rcr

points insxisyrmnetricflowfieldas indicatedinfigure1
or sketchon p. 10;usedas subscriptsforconditionsat
thesepoints

localspeedof sound

Machnumber

velocity(withbarto indicatevectorquantity)

distancemeasuredfromsourcepointinradialflowfield

distancemeasuredfromthesourcepointto sonicspherein--
radialflow

x,R,@ cylindricalcoordinatesforflowfield

s distancealonga Machlinemeasuredin
theaxisof symmetry

andnozzle

meridianplanefrom
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r.
P

7

e

P

Subscripts:

r

o

Cartesiancoordinatesfornozzle

Machangle,sill-ll/M

ratioof specificheats= 1.400throughout

localflowangle

totalex~sion angleintegratedfromthesonicline
inmeridianplane

density

streainfunctionfora compressibleaxisymmetricflow ‘

dimensionlessstreamfunction

radialflow

isentropicdecelerationto zerovelocity

NOZZLEDESIGN
-,

Forconveniencein discussion,thenozzleiS Utided~to four
regions:I, approach;II,throat;III,radialflow;andIV,transition
region,as indicatedinfigure1.

Approach.-Thespecificationofparallelflowattheminimum
sectionfacilitatesthecomputationof thesupersonicportionofthe
flow. Theoreticalmethods(references4 and5) are availableforthe
designofan approachto givepsrallel,flow;however,it isusuallY
moreconservativetobasetheapproach-sectiondesignon existingwind
tunnelsw~ch havethedesiredch~acteristics.ThecoordinatesfOr
theapproachoftheMachnumber10nozzlewerethereforeadaptedfrom
thoseusedintheLsngley8-foothigh-spedtunnel.Intheabsenceof
a bettercriterionthesquareapproachsectionwasobtainedby using
thesamerateof areachangewithsxialdistanceas inthecircular.
approachoftheLangley8-foothigh-speedtunnel.

Radialflow.-Constructionofthesupersonicflowfieldmaystart
witheitheran arbitrarystreamlineA’C (fig.1)togetherwithan
assumedflowdistributionintheminimumorwiththespecificationof
a flowdistributionalongtheaxisof symmetryoftheflow. Thesecond
specificationwaschoseninthisinvestigationprimarilyto expeditethe
computationproced~”e;however,ifthiscenter-linedistributionwere

..- ..———.-—— — .___r_ ...,——--.—.—- —— —— ——.. -- — --.—- - - ---



4 . wcf3m 2711

entirely arbitrsry,theextentofa p~sicauypssibleflowwouldbe
Se’verelyEtited;t~t is,~ch linesofthe~We f~ily wouldconverge
toorapidlyorintersectbeforethecomputationhadproceededfar
enoughfxomtheaxistoresultina we~-proportion~nozzle.This
difficultyiSavoidaby specifyingra~al flowalou a portionofthe
axissuchas lineBD. Ifthisspecificationisused,theflowcanbe
immediatelydeterminedforregionIIIfromthera~al-flowequations
and,ingeneral,a physicallypossibleflowrestitsforregionII.

Theuseofradialflowina partoftheflowfieldhastheaddi-
tionaladvantageofreducingthecomputingtime,sincetheflowproper-
tiesalongtheboundingMachlinesEC andCD canbe determinedexactly
withoutrecoursetothestep-by-stepmethodofch~acteristics.The
equationsfort~ee-~ensionalra~al flow,~ebasedontheassumption
of sphericalsymmetry.Theresultingsimplif_’icationofthegeneral
equationsofmotiona~ws t~~ ~te~ation@ closedformas tidlcated
inreference6 and7. h addition,itispossibleto integratethe
characteristicequtionsx intwo-dimensionalsteadyisentropicflow.
Forconvenience,thet~ee-dimensionalradial-flowequationsbasedon
thegeneralsteady-flowrelations(forexample,reference8) srepre-
sentedintheAppendix.Valueshavebeencalculatedbyuseofthese
radial-flowequations~d theresultsme tabulatedfora rangeof
parametersfrom M = 1.0 to M . 11.93 intableI. Thischangein
M correspondsto a changein expansionangle GI,whichisusedasthe
argument,fromO0 to 53.3750.

IfpointC isattheintersectionoftheMachlinesboundingthe
radial-flowregion,as illustratedinfigure1,itwillbe theinflec-
tionpointonthestreamlineA’CE. Thisstreamlinemaybe takenas
thewallofa nozzle,andthemaxtiumwallangleandthecoordinatesof
theinflectionpointcanthenbe determinedimmediatelyfromthelocal
flowangleatC. ThevalueoftheflowangleatC isentirelyarbi-
trary;however, a reasonablevaluecanbe determinedasa compromise
betweentherequirementsforover-allnozzlelengthandmaximumrateof
expansion.FortheMachnumber10nozzle,theflowangleatC was
takenas 16o.

Throat.- TheflowinregionII (the,throat)iscomputedbythe
methodof characteristicswiththeinitialconditionsof a knownflow
distributionalonglineBC fromradialflowand.anarbitrarydistribu-
tionalonglineAB as shownin figure1. TheMachnumber10nozzle
computationwassimplifiedby takfigthearbitrarydistributionas a
straightlinew~tha slopegivenby theradialflowatpointB. In
general,thisasswnptionisincompatiblewitha straightsonicline;

indeed,a necessaryconditionfora straightsoniclineis (J
aM
T&l=o”

However,forhighMachnumbernozzles,thissimplif@ngassumption
resultsina satisfactorysolutionbecauseofthesmalldimensionsof-the
mhimumsection.ThecharacteristicsnetforregionII isshowninfig-
ure2 witha streamlinethroughpointC included.
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Thecharacteristicequationsmaybe,usedina formwherethemore
usualvelocityparameter,suchas thatusedin reference9, isreplaced
by theMachnumberby usingthedifferentialrelationbetweenMach
numberandvelocity.Samplecalculationsindicatethattheuseofthis
parameterforthehighMachnumberrangereducesthenumericalerror
inherentinthemethodof characteristics.Theparticularparameter
usedmakeslittledifferenceatthelowerMachnumbers.

WhentheMachnumberisusedas a parameter;thecharacteristic
equationsare

(1)

and

(m=tan(e~u)dx (2)

wheretheuppersignscorrespondtotheleftMach’linesandthelower
signsto therightMachlines.ThedistinctionbetweentheseMachldnes
is illustratedinfigure2. Thelasttermontheleft-handsideof
equation(1)becomesindeterminateattheaxis“ofsymmetry,thatis,
as R and @ approachzero. Ifthelimitofthistermistaken
(reference9) as R+O, equation(1)becomes

()Thus,if 3
\@ R=”

isspecifiedalongthecenterline,equation(3)may

be usedinconjunctionwithequations(1)and(2)to computetheflow.

An alternativemethodof computingtheflowinthevictiityofthe
axiscanbeused. Thismethodconsistsinreducingequation(3)by
dividingthisequationby dx andusinga relationwhichfollowsfrom
thegeneralexpressionforthetotalderivativeof M withrespecttox
alonga Machline;th@tis, dM/dx= aM/& + (aM/aR)(dR/dX).Ifthis
totalderivativeisevaluatedat R . 0,thereresultstherequiredrela-
tion,dM/dx= (bM&)R~, sinceinaxisymmetricisentropicflow
(aM~R)R4= O. (Seereference3,~rt 1.) ..

_-. — ——. .—-— -— ——..—...— .—. —.——. —..— _._.. _—. .—
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Hencethecharacteristicequationsevaluateda% theaxisbecome

(4)

Thenequations(2)and(4)sreusedto computetheflowintheimmediate
vicinityoftheaxis;thatis)atPoints*)1;3)*;4,3;. . .,infig-
ure2. Equation(4)isthedifferentialformofthecorrespondtigequa-
tiongivenby Goldsteinas a finite-differenceequation(reference3,
P* I,page218).

A simplificationispossiblesinceequation(4)isofthesame
formasthecorrespondingequationforradialflow. (SeeAppendix.)
Hence,theintegralof equation(4)orthecorrespondingtabulated
results(tableI)canbe used,ineffect,to determinethehodographin
theregionoftheaxisforanysxisymmetric,isentropicflow. The
methodshouldbe sufficientlyaccurateevenat a smalldistancefrom
thesxisif ~M/aR issmall.

TherowofpointsadjacenttotheaxisinregionII (figure2)have
beencomputedbybothequations(3)and(4)fortheMachnumber.10nozzle.
Theresultsof thiscomputationarecomparedintableII. Thedifferences
betweenthetwomethodsaresmallforallthepointsandtendto decrease
aspoint2,1isapproached.TheremainderoftheflowfieldinregionII
wasthencomputedwithequations(1)and(2)forbothmethodsatthe
axis.A relativecomparisonoftheeffectofthetwomethodson therest
oftheflowfieldmaythenbe obtainedby comp~tigcorrespondingstream-
linesthroughthetwoflowfields.Ifthesestreamlinessredetermined
by theflow-~glemethod(describedina subsequentsectionentitled
“Stream~nes”)st~ing frompointC, forexample,and-workingtowardA’,
accumulativeerrorsarisewhichpreventthestreamlinesfrompassing
throughthetheoreticallyexactpint A’. Inthisconnectionit isnoted
thatthe R coordinateof pointA’ canbe determinedexactlyfromthe
mass-flowrequirementat,theminimum(assumingparallelflowat M = 1
alonga linethroughA’ normalto theaxis);whereasthe x coordinate
ofA’ dependsontheassumptionmadefortheflowdistributionalongthe
lineAB. Thus,ifthestreamlinesinbothcasesarestartedatthefixed
initialpointC,theerrorin R/rcr at x = 3A was0.96 psrcentfor
thefirstmethod(equations(1),(2),and(3));whereasforthealternate
method(equations(l),(2),andtheintegralofequation.(4)),theerror
was1.02percentoftheknownradiusat x=x.A

—.. .————-—— -—.—- -—— ——.—— —— —————--- ..-.-—- .-
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f Transition.-TheflowinregionIV (transitionregion)canbe com-
putedby equations(1)and(2)fromtheinitialconditionsofa radial
distributionalongtheMch lineCD andparallelanduniformflowalong
theMachlineDE. ThecharacteristicsnetforregionIV intheMach
number10nozzleisshownin figure3 witha streamlinethroughpointC
included.

Meshsize.-Theaxisymmetricflow~ieldsinregionsIIandIV
1 (fig.~computed fortheMachnumber10nozzleby usingthemethod1 of finitedifferencesappliedto equations(1)to (3). Theflowfor

regionIIwascomputedwithsevenstepsalonglineAD andeightsteps
I alonglineBC as showninfigure2;thenearestpointtothesonicline

hada Machnumberof 1.019928.RegionIVwas computedwith2° steps
in 01 along CD and10uniformlyspacedstepsalongDE as shownin fig-
ure 3. Threeiterationsweremadeforeachpointaccordingto thepro-
cedureofreference9 sothatthepsnxneterswereallowedto converge
to nesrlyconstantvalues.Altogether,thiscomputationtotaled1
74pointsandwasperformedon an electricallyoperateddesk-type
computingmachineat anaveragerateof3 hoursperpointfora total
of approxirqately220hoursof computingtime. Applicationofthe
simplifiedmethod(integralof equation(4))atthesxiswouldreduce
thetotalcomputingtimeto about200hours.Withoutthespecification\
of radialflowalongBD,21morepointswouldhavebeenrequired,and
thetotalcomputingtimewouldhavebeenincreasedto about290hours.

r“

Whena streamlinethroughthisflownetwasdetermined,appreciable
errorsresultedbecauseof thesizeofthestepschosenforthecompu-
tation.Forthisreason,computationsweremadewitha finerflownet
withstepsapproximately1/3thesizeofthoseinthecoarsenet
previouslydescribedandrequiringa totalof573points.TheBell
TelephoneLaboratoriesx-667UJIrelaycomputerwasusedtoperformthis
task. TheavailableBellcomputingtapesuti13.zedthecharacteristic
equationsintheformgiveninreference10ad madeonlytwoiterations
foreachpoint.TheBellcomputerperformedthecomputationata rate
of 0.3hour~r ~tit fora totalof 172hours.

‘Samplecomputationshavedemonstratedthatthevaluesoftheflow
parameterswillconvergeintheiterationprocessmorerapidlyifequa-
tions(1)and(2)andtheiterationprocedureof reference9 sreused
insteadoftheequationsanditerationprocedureofreference10. How-
ever,a comparisonhasbeenmadeof theac’curacyoftheflownetsas
determinedonthedeskcomputerandtheBellcomputer.Theresultsof
thiscomparisonaregivenintableIII,inwhichtheordinatesofthe
streamlinesdeterminedby theflow-anglemethodarecomparedwiththe
theoreticallyexactvaluesatpointsC andA’. Theerrorsresultfrom
theapproximationsinherentinthefinite-stepmethodemployedin
computingtheflownetandaresomefunctionofthesizeofthesteps.

- - .—-— —— ..— —..— — .-._ .—— —- —-.—..—— - ..—.-



8 NACATN 2711

SincetheresultsobtatiedwiththeBellcomputerweremore
accurate;in spiteofthefewernumberof iterationsmadeandtheslower
convergenceoftheiterationprocedure,theadv~tageofmaintaininga
finenetisobvious.Forthesecalculations,theincreaseinaccuracy
isofthesameorderasthedecreaseinmeshsize.

Streamlines.- Aftertheflowfieldhasbeencomputedthestream-
linesm- be obtainedeitherfromthelocalflowanglesor fromthe
streamfunction.

Stokes‘
compressible

streamfunctionV (reference8) foransxisymmetric
flowcanbe def”inedby thedifferentialrelation

,
d~—=pRc
ds (5)

where * isthedifferentialdistancealonga Machlineinthemeridiau

plane. v’Introducinga dimensionlessstreamfunction~ = ~ into

()sequation(~)andintegratingfromtheaxis —=0 to
s ‘cr

valueof thestreamfunctionat —
‘cr’

J/s‘cr R
Ys= o —

1
. ‘cr

.( )
;%

(7+1)/2(7-1)
1+~

rcr=pOcO .
s

— givesthe
‘cr

()-d~ (6)
‘cr

wheretheisentropicflowrelationsfor P/P; and C/C. havebeen
used. Withinther~al flowregionND (fig.1), v canbe defined
by theequation ‘

dv—=
de

pvr2sine

Integratingalongthearcanddividingby ‘rcr2pocoyields
7+1

(1’)

2Hq= — (1 - Cose)
7+

(7)

(8)

— .. —.—. —.-— —- ..J—...—. —-.—- .—— — .—— .—, ....—.—.—.— . . .
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s~f= P, V, and r areconstants
thevalueof I canbe foundfora

along
given

.

the’arcof radiusr. Now
valueof 19 alongtheMach

9

linesCD orEC fromequation(8). Then,since I isconst=talonga
streamline,graphical‘integrationof equation(6)alongtheMachMnes
inregionII or IVupto thedesiredvalueof ~ lbcatestheremaining- “
pointsforthfsstreamline.Inpractice,themostaccwateprocedure
isto obtaina valueof ~ foreachpointintheMachnet(thatis,
intersectionpointsof rightandleftMachlines)hy integratingequa-
tion(6) alongtheleftMachlines.Anydesiredvalueof ~ md the’,
correspondingx and R coordinatesaretheneasilyobtainedby linear
interpolationbetweenthe~ints. IntegrationalongtheleftMachlines
ismoreaccurateinregionIVthanintegrationalongtherightlines
becauseofthemore~adualchangeinflowvariablesalongtheleftlines.

Thestreamlines&y alsobe obtainedfromtheflowanglesby
exbendingthestreamlinesfirectlythroughthe R = x pl~e by a step-
by-stepiterationprocedure.Thisiterationprocedureconsistsof
extendingthetangent,to a streamlinefroma knownpointintheflow,
suchasa pointontheMaciltiesBC,CD,orDE,~til another&ch
lineisintersected.As an example,considerthestreamlinethrough
pointE, infigure3. By linearinterpolationbetweentheknownvalues
oftheflowangleatpoints1 and3, a value(ssy e2)isobtainedfor‘
thisfirstintersectionofthetangentlineandtheMachline.Themean

. of 192andtheinitialvalue OE isthenusedas theslopefora new
linethroughtheinitialpoint’.Theintersectionofthislinewiththe
Machline1-3givesa newflow~gle (32’.~S processisrepeated
untilthechangein G2 forsuccessiveiterationsisno longersigni-
ficant,whereupontheentireprocedureisrepeatedintheadjoiningmesh.

(
Theflow-anglemethodwasnotusedforthefinalcomputationof the

streamlinesoftheWch number10nozzlebecauseoftheaccumulative
errorsattheendpointsA’ andC-.Nevertheless,theflow-anglemethod
wasfoundusefulforcomparingtheeffectofmeshsizeontheaccuracyof
theflowfield.Thestresm-functionmethodresultsin streamlineswith
theexactcootiatesatpointsA’,C, andD. Furthermore,thismethod
req~reslesst~e th~ theflow-~glemethod,especiallyif SeVeral
streamlinesarerequiredas fora nozzlewitha squaretestsection.
FortheMachnumber10nozzlesmalllocalirregularitiesinthe
streamlineswereeliminatedby integratingcurvesof tane plotted
againstx where .!3wasobtainedfromthestream-functionmethod,

Foelsch(reference7)hasgivenanalyticexpressionsforthe
coordinatesofthetransitionstreamlinesin a three-dimensionalnozzle.

1-

.

-.-. — .._- —_ ——— — .——----- ——. —.—— ..-— — ..— — .-— ——.— ---
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Foelsch~sequationsmaybe derived
assumptionsfromeq~tions(6)and

NACATN2711

undersomewhatmorerestrictive
(8)giveninthispaper.The

pointsintheflowfieldareidentifiedinthefollowingsketch:
.

R
Tcr

o

Thus,

t
Machlinesbounding
radialflow-i D! =

\\ \ Pi ~Transitionstreamline
\ \ / E

c’ ‘Final Machline
1. -\

x

foranyleftMachline PK inthetransitionregion:

R

‘ cr

-~-Yp=JK ‘cr
()
d~ (9)

(
-1

)

(7+1)/2(7-1)‘cr
1+~ $

2

fromequation(6). Then,by useof

+-)R

()

cr
d~= =
rcr Sil”(e+ v)

andequation(8),

Cosep - Cosec=

therelation

()
Md~

‘cr

Cos e + dM2 - 1 sine

equation(9)canbewrittenas

()M~d~.

rK ‘cr ‘cr

L J
(lo)

.

—— ——.— —-— .. .—-——— ——. . — -. . . . -— - . .
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wheretheintegrationisalongtheleftMachllnePK. Makingthe
assumptionthat M and e areconstantalongtheleftMachlinesand

. equalto theirvaluesat P andusingtheradialflowequationsfor
‘p/rcr‘d */rcr gives,forequation(10),

, %( ‘P

{
#Sinzep+ 2(COSep -—= —

‘cr
cob%)(- Stiep+ Cos(3, “2

‘cr
(11)

whichisthesameresultasthatgivenbyFoelsch(equation(17)of
reference7). Thex-coordinateofpointK isthenobtainedby intega-

%+
tionoftherelationd~ = alongtheleftlhchl~e from

‘cr tan(e+ u)
P toK ontheassumptionthat e=ep and M = Mp asbefore.The
resultis

.

since

XK
—=

‘cr

RKrp
—- —stiep’ q
‘cr rcr +— Cosep
tan(ep+ up) ‘cr

Xp ‘P—= — cosep
‘c r ‘cr

and “

‘P ‘P—=—stiep
‘cr ‘cr

,.

(E)

.

-. —-.- —......——.—.-— ..—= ——. —-.—.— —. .-— —.—.-—— .-. — —_—. ——— ——-— —.- —-------
1
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An approximationwhichismoreaccuratefortheMachnumber10
nozzlethanthatgivenby Foelsch(reference7 or equations(11)snd(12)
herein)forthetransitionstreamlinescanbe obtainedfroma considera-
tionofthegeometricpropertiesoftheflowin”regionIV (seesketch
onp. 10). Thus,ifPK isassummedtobe a straightline,(thatis,
M=~and G=op alongPK),aswasdoneinthederivationof
equations(lJ_)and(12),thecoordinatesofpointK are

--l
‘K ‘p.—cosep+
‘cr ‘cr

~ Cos (eP+ ,,)

}
(13)

d

where &K isthelengthof theMachlinePK. To obtainan expression
for As,firstconsideritsvalueforthefinal&ch coneDE. Thus,.

(14)

Iftheflowwereallowedto expandfrompointC asanundisturbed
radialflowuntilitreachedthesphericalsegmentDD’,thedensityand
velocitywouldbe theseineatthesurfaceofthissphericalsegmentas
it isalongthefinalMachconeDE. Therefore,conservationofmass
requiresthatthesurfaceareaofthesphericalsegmentDD’be equalto
theplanecross-sectionalareaatE; thatis,

e~
RE = 2rDsin~

Then,fromequation(14),

e
~E=~rD sin&

Thessmereasoningmaybe appliedto obtainan approximaterelation
betweentheWea ofthesphericalsegmentformedby rotationofarcPP’
abouttheradiallineOP andthearea n(KK’)2,wherethelineKK’is

. —.——. ————..-.———-—————— -—— -— — --— ——- ---- . — .
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normaltotheratialstre~lineextendedthroughpointP. Thus,
assumimguniformflowalongPK gives

.

(15)

~s rektionfor ~K canbe obtainedonlyby assumingthattheline ‘
OP is,ineffect,theaxisofa newnozzlewitha final~ch coneof,
half
that
tion

anglewp.“Thisassumptioniscompatiblewiththesupposition
theflowalongPK isparallelanduniform.Substitutionof equa-
(1>)intoequitions(13)resultsin

XK rp

[

e~ - ep
—=— cosep+2Mpsin
‘cr ‘cr

Cos
2

‘K %P

[

e~ - ep
—= —
‘cr

sin 19p + 2Mpsin sin
‘cr .2

In equations(16) thevaluesof rp, 19p,and ec

(ep+

(ep+
(16)

dependontheradial

flowinregionIII(fig.1). As discussedpreviouslythisflowis
determinedbythespecificationof thefinalexpansionangle eID ad
MachnumberatpointD.

~Thetransitionst~eamlinethroughpointC hasbeencomputedforthe
Machnumber10nozzleby Foelsch’smethod(equations(11)and(,12))and
thegeometricmethod&venby equations(16),Theresultsofthet~
computationsme comp~edintableIVto thestreamlinecOOrdtiateS
obtainedby themethodof characteristicswiththefinemesh. A com-
parisonbetweenthestretitiecoordinatesfromthecoarseandfinemesh”
isalsoincluded.ThemaximumerrorfromFoelsch’smethodisabout
12percentascompsredto an errorof4 percentby thegeometricmethod.
Althoughbothmethodsresultinsignificanterrorforthisnozzle,even
incomparisonwiththevaluesobtainedby thecharacteristicmethodfor
thecoarsenet,thepossibilityisthatbothmethodsmaybemoreaccurate
at lowerMachnumber~wheresmallervaluesof ec canbe used.

Cross-sectioncontours.-Thenozzlemaybe desiaedfora test
sectionof arbitrarycross-sectionalshape.Thus,t~edistancefromthe
axis to a point on & arbitraryclosedcurveina cross-sectionalplane

.

_.. —.
_..— . ...— —.—- ..

_____ .— . —-—.. — __ .-—
_.——. . —-—— . ..—-—. ——



of thefinalparallelanduniformflowregionistheR ordinateof the
startingpointofa streminewhichwillbe tracedthroughtheflow
fieldtotheminimum.Becauseofthesymmetryoftheflowfieldall
streamlinesboundtigthenozzlecanbe designdin a singlemeridian
plane.FortheMachnumber10nozzlea squarecrosssectionwas
specifiedintheuniform-flowregion.Someoftheresultingnozzle
cross-sectioncontoursareshowninfigure4. Thecrosssectionatthe
minimumis squaresincetheflowatthisstationisassumedto be
parallelanduniform.Themsximumdeviationoftheothercontoursfrom
a squareisapproximately0.3. Nondimensionalcoordinatesforthe
Machnumber10nozzlearepresentedintableV. me geometricalmfi~~
islocatedat XA = 0.5043rcr forreasonsnotedpreviously.

A methodis given
utilizingaxisymmetric

CONCLUDINGREMARKS

forthedesignofthree-dimensionalnozzles
flow. Thenozzlecanbe designedtoproduce

parallelanduniformflowina testchamberof arbitrsrycmss section.

Designcalculationsaremadefora Machnumber10nozzleinwhicha
squsretestsectionis specifiedto reducethepossibilityofaxisym-
metricimperfectionsatthewallandtoprovidefortheinstallationof
schlierenwindows.Thespecificationof radialflowina portionof the
flowfieldingener~assuesa p~sicallypossiblesolutionmd results
inanappreciablereductionof computingtime. Theflowintheimmediate
vicinityoftheaxisof symmetryiscomputedby a simplifiedbutsuffi-
cientlyaccuratemethodwherebythehodographof anyisentropicaxisym-
metricflowisdetermined.Theremainderofthesupersonicflowfield
is constructedby themethodof characteristics.Thee’ffectofmesh
sizeontheaccuracyofthecalculationisobtaineiby comparingstream-
linesthroughtwoflowfieldscomputedwithstepsofdifferentsize.
ThiscomparisonindicatesfortheMachnumber10nozzlecomputationof
thispaperthattherelativeincreasein accuracyisofthessmeorder
as thedecreaseinmeshsize.Of thetwomethodsconsideredfor
determiningthefinalstreamlinesfromtheflownet,thestream-function
methodprovedtobe themostconvenientandaccurate.Foelsch’sanalytic
expressio~forthet~sition streamlinesgivecoordinateswhichdeviate
fromtheflownetstre~inesfortheMachnumber10nozzleby asmuch
as 12percent.Similaranalyticexpressionsderivedinthispaperfrom
thegeometricpropertiesoftheflowresultiutransitionstreamline
coordinateswitha maxtiumerrorofabout4 percent.

LangleyAeronauticalLaboratory
Nation@AdvisoryCommitteeforAeronautics

LangleyField,Vs.,April1,19S2
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TEREE-DIMENSIONALRADIALFLOW

Forthesteadyflowofa gasintheabsenceofviscosi~andheat
transfer,thereisobtained(reference8,p. 553)

iftheflowalong

Ifthefluid
arefunctionsof
point),eguation

eachstreamlineisassumedadiabatic.

movesradially@ thevelocityandspeedof sound
only(wherer

(~) becomes

or, since Vr istheonlyveloci~

(1-M2)#

isthedistancefroma fixed

Vr
+2y=o

component

+2:=0 (A2)

Fromtheadiabaticener~ equationtherelationbetweenllachnumberand
velocityis

dV 1 dM—=
v 1++M2X

Thenj combiningequation(A2)and(A3)gives

dr 1 MZ-l “dM=— —
-i72 1+*M2M

(A3)

(A4)

. —.-—. . -— -. — — — ——.— .—. ——.— ..— —. --—
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Integratingeguation
M = 1 to M gives

r—=
‘cr

NACATN 2711

(Ak)between thelimits r = rcr to r and

M (A5)

Thecharacteristiceguationsarenow
followingsketch):

Left
4 /

easilydetermined(seethe

hch line

R

-s

RightMachline

x

ForthelefiMachline \

m—=tan(e +11)ax

and

&—=cotpr de

Combiningeguations(Ah)and(A7)gives

(A6)

(A7)

(A8)

since IIcot~=M2 -1. ~tegrationof e~~tion(A8)from e = ()to eI ‘
and M = 1 to M gives

.

i

.

I
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e,=*p+m-q@y2-q’”-*=0+
I

I
SimilalyjfortherightMachline,

dR— = tan(e- v)dx

and

t

,

,(A9)

(Ale)

(All)

Equations(A5)and(A9)havebeencomputedandtabulatedfor eI . 0°
to53.375°h intervals” of 0.125°intable.1. Equation-(A9) is used
sincetheconvent ional definitionof thetotalexpansionangleis such
thata positiveincreasein ‘M resultsina positiveincreasein eI
regardlessofwhethertheMachlineis oftherightor-leftfamily.

TheMachlinesB(IandCD (fig.1)maynowbe constructedas
follows: ThefinalMachnumberistakenas ~ = 10.068whichgives

eID= 51.25°fromtableI. TheflbwvariablesM and r/rcr for

anyPointon lineCD aretabulatedwiththeargumentel =.elD - e,
wherethelocalflowangle‘e istheparameter.~US, if e s 4°,
61 = 47.25°;themfromtableI, M = 7.733272and r~rcr= u.77156.
Fromthisvalueof r/rcr andthegivenvalueof 6 thecoordinates
ofthepointcanbe obtainedsince

x—= ‘COS 8 = 12.7&04 ‘
‘cr ‘cr

R—=
rcr ~ sine = 0.8909~ .

‘cr

Forthisparticularnozzle,theflowangleatpointC wastakenas16° “
whichgives e% =35.25° and e~B=19.250 since EIB=\OO.

. . . . . . . - --—— .- . - - - —... . . —-. --—. .-—- - —.- —.-—-— ——.. ..—---- -— -—- --- --
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TABLEII.- COMPARISONOFFIOWPARAMETERSNEARAXCSINMACH

NUMBER10N02ZLEAS COMPUTEDBYEQUATIONS(3)AND(4)

Oint
ig.2)

7,6

6,5

5,4

0

4,3

3,2

2,1

Method

Eq.(3)
Eq. (4)

Difference

Eq.(3)
Eq.(4)

Difference

Eq.(3)
Eq.(4)

Difference

Eq.(3)
Eq.(4)

Difference

Eq.(3)
Eq.(4)

Difference

Eq.(3)
Eq. (4)

Difference
4

0.55477
.55436
.00041

.671_97

.6~g4

.00003

.82688

.826/35
● 00002

1.0352
1.0352
0

1.2464
1.2464
0

1.4737
1.4737
0

R/rcr

0.13186
.12730
.00456

.08208

.08153

.00055

.09904

.09849

.00055

.07293
;:722

.06243

.06234

.00009

.05731

.05724

.00007

M

1.08526
1.0g874
-.01348

1.23156
1.23732
-.00576

1.44344
1.45212
-.00868

1.71835
1.72354
-.00519

2.00013
2.00436
-.00423

2.30450
2.30868
-.00418

(d~g)

0.5889
● 59375

-.00485

1.0034
1.0000
.0034,

2.0000
2.0000
o“

2.0000
2.0000
0

2.0000
2.0000
0

2.0000
2.0000
0

. .
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TABLEIII.- COMPAREONOFACCURACYOFTHEl?IOW

NETSINMACENUMBER10NOZZLEFOR ~ = 45°

Point Method ‘Ircr ‘Ircr ~lrcr
Error

(percent)

I Transitionstreamline

{

Exact 3.7202 1.0667
c Deskcomputer 3.7202 1.0507 -0.0160

Beldcomputer 3.7202 1.0621 -.0046

Throatstreamline

-1.50
-.43

1

{

Exact 0.50434 -0.27835
Al DeAkcomputer .50434 .28103 0.00268 0.96

Be12.computer .50434 .279&6 .00111 0.40

I
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.
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!rA13LErv.’- COllPARISONOF STREAMLINECOORDDUYI!ESINMACH

NUMBER10NOZZLEFOR ~ = 45° .

R/rcr

Characteristicsmethod‘omtric ‘ethod Foelschmethod
(eq.16)

‘/rcr
Coarsenet

,

Fine ‘due (p~=nt) ‘due (~~nt )
net ‘due (p%% )

3.72021.067 1.067 0 1.067 0 1.067 o’

7.5 2.016 2.007 -.45 1.975 -2.03 1.919 -4.81

14.5 3.280 3.264 -.49 3.151 -3.93 2.956 -9.88

26.0 4.624 4.601. -.50 4.431 -4.17 4.067 -12.05

42.o 5.706 5.674 -.56. 5.523 -3.21 5.069 -H.16

57.0 6.242 6.197 -.72 6.la -1.94 5.704 -8.62

73.5 6.4g8 6.h69 -.45 6.457 -.63 6.203 -4.54

89.12196.5U-86.548 0 6.5J+8 o 6.5M o

.
I
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Figurel.-Schematlcrepresentation of the nozzle flow fields Bhowin&
the Mach number variation with distance along the center line for
the Mach number 10 nozzle. ‘
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